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Abstract— This paper studies the wideband small-signal input
dq admittance of six-pulse diode rectifiers. Considering the
frequency coupling introduced by ripple frequency harmonics of
d- and q- channel switching function, the proposed model
successfully predicts the small-signal input dq admittance of six-
pulse diode rectifiers in high frequency regions that existing
models fail to explain. Simulation and experimental results verify
the accuracy of the proposed model.
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L INTRODUCTION

Power converters are prone to negative impedance
instability due to the constant power control. Modeling of the
input dq admittance of three-phase ac systems is an important
research topic because the stability of a three-phase power
system at an interface can be estimated by the source output
impedance and load input admittance [1]-[3].

Because of the high reliability, diode rectifiers are typical
solutions for rectifier stages in medium- and high- power
applications, including offshore wind power transmission and
commercial jet airplanes [4]-[6]. Therefore, the modeling of six-
pulse diode rectifiers is important for the design and operation
of electrical power systems. Existing modeling methods for six-
pulse diode rectifiers can be divided into two groups, one is
analytical average modeling methods [7]-[10] and the other is
parametric average modeling methods [11]. The first approach
derives the model analytically from the state-space equations,
describing physical behavior of the diode rectifier. In the second
approach, controlled voltage and current sources are used to
describe the averaged model, where parameters are obtained
numerically from the switching simulation model. However,
existing models of six-pulse diode rectifiers fail to give accurate
theoretical results for the small-signal input dq admittance [7]-
[11]. The analytical averaged value models and parametric
averaged value models predict two admittances (Yaa and Ygq)
accurately but fail to predict the other two admittances (Y4q and
Yqq) beyond switching frequency [12] [13].

This paper studies the small-signal input dq admittance of
six-pulse diode rectifiers. The paper shows that existing
averaged models give good approximations for the d-channel
switching function in both low and high frequency regions but
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they fail to represent the g-channel switching function when the
frequency range of interest is beyond ripple frequency. This
conclusion explains the inaccuracy of existing models for Yyq
and Yqyq at high frequency. Considering the frequency coupling
in ac and dc side caused by ripple frequency harmonics of d-
and g-channel switching function, this paper proposes a new
model and the model successfully predicts the high frequency
resonance in the small-signal input dq admittance of six-pulse
diode rectifiers that existing models fail to explain.

II. SMALL-SIGNAL INPUT DQ ADMITTANCE OF SIX-PULSE
DIODE RECTIFIERS

Fig. 1 shows a six-pulse diode rectifier and Tab. I lists the
parameters of the rectifier.
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Fig. 1. Six-pulse diode rectifier.

Table I Parameters of the six-pulse diode rectifier.

Parameter values
Vams =120V, fi= 60 Hz
L~=0.12 mH with ESR 30 mQ;
L=2.4 mH with ESR 500 mQ
C=880 pF with ESR 20 mQ
R=20Q

Description

Voltage source
AC Inductor
DC Inductor
DC Capacitor
Load Resistor

Fig. 2 gives the simulation and measured results for the input
dq admittance of six-pulse diode rectifier [12] [13], in which Yuq
and Yyq contain multiple resonant points at high frequency.

A number of averaged models [7]-[11] have been developed
to predict the small-signal behavior of six-pulse diode rectifiers.
The analytical averaged value models and parametric averaged
value models predict two admittances (Yaq and Yqq) accurately
but fail to predict the other two admittances (Y4q and Yyq) beyond
switching frequency [12] [13].
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Fig. 2. Input dq admittance of a six-pulse diode rectifier obtained by switching simulation (green squared line) and hardware measurement
(purple straight line). (a) Y44(s). (b) Yaq(8). (c) Yqa(s). (d) Yoq(s).

III. PROPOSED WIDEBAND SMALL-SIGNAL INPUT DQ
ADMITTANCE MODEL FOR SiX-PULSE DIODE RECTIFIERS

In Fig. 1, the six-pulse diode rectifier can be divided into two
parts: an AC side inductor and a six-pulse diode rectifier without
AC side inductor. In this section, a six-pulse diode rectifier
without AC side inductor will be discussed first and then an AC
side inductor will be considered in modeling.

A. D- and Q- Channel Switching Functions of Six-Pulse
Diode Rectifier without AC Indcutor

Fig. 3 shows a six-pulse diode rectifier without ac inductor
and Fig. 4 gives the switching functions in abc frame when
three-phase input voltages are:

Va(t) = Vipsin(2rtfs - t)
v (t) = Vipsin(2rf; - t — 2m/3)
V() = Vipsin(2rf; - t + 2m/3)
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Fig. 3. A six-pulse diode rectifier without an ac inductor.
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Fig. 4. Switching functions in abc frame.

With the defined switching functions S, (t), S, (t) and S.(t) in
abc frame, the current relationship between AC and DC side of
the rectifier in Fig. 3 can be expressed as:

fa(t) = lac(t) - Sa(t)
ip(t) = igc (L) - Sp(t)
Le() = lac(t) - Sc(t)
and the voltage relationship can be expressed as:

Vac(t) = va(t) - Sa(t) +vp(2) - Sp(t) + ve (D) - Se(t)
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where wo = 2nf; is the grid frequency, d- and g- channel
switching functions are defined as:

Sa(®)
[so] =T[5 M
S.(t)
and the six-pulse diode rectifier in Fig. 3 can be represented by
an equivalent circuit in dq frame, as shown in Fig. 5.
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Fig. 5 Equivalent circuit of the six-pulse diode rectifier in dq frame.

According to abc frame switching functions S, (t), S, (t)
and S, (t) shown in Fig.4, steady states of d- and g- channel
switching functions can be derived as:

+Z( )k+l ( \/—

36k -

Stp (t) — i(_l)" M

P (36k* 1)z

e sin{27t- 6/;,{\,-z+ﬂ
(2)
-sin[27 - 6k t]

where k € Z (integer number).

From (2), the steady state of the d- channel switching
function Sy, is dominated by its dc component, but the steady
state of the g- channel switching function Sgs only has ripple
frequency harmonics (6kf;) and without dc component. In
existing models, the averaged values equal to dc components of
d- and g- channel switching functions S;s and Sgs. Therefore,
existing averaged models give good approximations for the d-
channel switching function in both low and high frequency
regions but they fail to represent the g-channel switching
function by its averaged value when the frequency range of
interest is beyond ripple frequency (6kf;).

On the other hand, when ripple frequency harmonics of d-
and g- channel switching functions are considered in modeling,
the six-pulse diode rectifier is a nonlinear time-periodic system
with time-periodic operating trajectories, rather than a nonlinear
time-invariant system with well-defined dc operating points in
dq frame. In traditional small-signal models, the linearization is
based on a dc operating point and the linearized model is Linear
Time-Invariant (LTI). In contrast, when the linearization is

around a time-periodic trajectory, the linearized model is Linear
Time-Periodic (LTP).

According to the trajectory linearization [14] and the LTP
theory [15], a multiple-input multiple-output model considering
the frequency coupling caused by ripple frequency harmonics of
d- and g- channel switching functions can be developed, which
is similar to the model for single-phase line-frequency rectifiers
proposed in [16]. Since the purpose of this paper is to explain
high frequency resonance of the measured input dq admittance,
following parts of the paper will mainly use equivalent circuits
to model and explain the frequency coupling in d- and g- channel,
but note that the modeling foundation of this paper is the
trajectory linearization and the LTP theory.

B. Modeling for Input DQ Admittance of Six-Pulse Diode
Rectifier without AC inductor
Fig. 6 shows a small-signal model for the six-pulse diode
rectifier in Fig. 3. The model is expressed by the d- and q-
channel switching functions. Sgs and S, are steady state
switching functions, qu(t) represents q- channel switching
function’s perturbation and I is steady state dc current.
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Fig. 6 small-signal model of the six-pulse diode rectifier in dq frame.

By using the method in [16], a model for S, (t) can be derived
similarly as

Sy (S, + 6K
v, ()

=(-1)"- % k=0,%1,42,. A3)

where V;,, is the magnitude of input voltage, f, is perturbation
frequency. The steady state DC current /. can be calculated as

1.(0) =¥- v, Y, (0) (4)

An input admittance matrix of six-pulse diode rectifiers in
dq frame is defined as

fq(t) Ydd qu Dg (t)
. - (5)
lq (t) Yaal 194 (t)
From Fig. 6, the admittances in (5) can be rewritten as
, 3 , 3
YddZE'SdsXchXSma qu:E'SmXYdaXSq.v
(6)

—E-S,xY,xS, Y

gd = 5 Pas e ds> Lgq

3
:E'quXK/eXqu“LK.w
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where K, = S,,(t) - I4.(t). Fig. 7 shows d- and g- channel
equivalent circuit of the six-pulse diode rectifier without AC
inductor by using the defined dq admittances in (5) and the d-
and g- channel switching functions in (2).
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(a) d-channel equivalent circuit
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(b) g-channel equivalent circuit
Fig. 7. d- and g- channel equivalent circuits of the diode rectifier in Fig.3.
The d-channel switching function S, can be approximated

by its dc value, so S in Fig. 7 (a) can be approximated by a
transformer, as shown in Fig. 8.

Fig. 8. An equivalent circuit to calculate Yj,.

From Fig. 8, the admittance Y34 can be derived as:
, 18
V(5= 51 (6) (M

Fig. 9 shows the frequency characteristics of Y. They have one
resonant frequency and its value equals to the resonance
frequency of the dc side filter f.
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Fig. 9 Frequency characteristics of Yg4(s).

In contrast, the g-channel switching function has a
frequency coupling between left and right side of the switching

function. As shown in Fig. 10, a small perturbation v, (f,) is
modulated by ripple frequency harmonics of the g-channel
switching function Sz (6kf;) and the modulations generate DC
voltage components at f, + 6k f;. The DC side circuit is linear
so the DC current takes the same frequency components as DC
voltage. For those frequency components in DC current, they are
modulated by ripple frequency harmonics of the g-channel
switching function Sy (6kf;) and the modulations finally
generates i4(f,). The frequency coupling in Fig. 10 leads to
multiple resonance in the frequency characteristics of Yy,
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Fig. 10. Frequency coupling analysis for q-channel.

The admittance Yy, can be derived as:
i 648k*
=36k -1 )2 2
i 648k*
& (366> -1) 7

, 18 .
Y, ()="5Y, Y, (s~ j27-6kf))
T

)
Y, (s + j27 - 6kf,)

In (8), the first part represents a constant value, which is given
by Ky, in (6). The rest of (8) shows the g-channel frequency
modulation effect. Fig. 11 shows the frequency characteristics
of Yy,. Tt has multiple resonances and the resonant frequencies
relate to the resonance frequency of the DC side filter f; and the
ripple frequency harmonics (6kf;).
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Fig. 11 Frequency characteristics of Y, (s).

Admittances Y, and Yy, represent the coupling in d- and g-
channel. Fig. 12 shows the frequency coupling analysis for ¥;,.
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Fig. 12 Frequency coupling analysis for Y;,.
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In Fig. 12, the voltage perturbation v, (f;,) is first modulated by
ripple frequency harmonics of S, (6k f;) and then modulated by
ripple frequency harmonics of Sy (6kf;) to generate iy (f,).
The frequency coupling analysis for Yy, is similar as that shown
in Fig. 12. From Fig. 12, Y;, and Y, 4 can be derived as

, , - 108k iz .
Y, (s)==Y,(s)=) ————-¢e 2-Y, (s + 27 6kf.)
dq qd ;(36k2 _1)2 e de
. ©)
_zﬁ,e’?y@(s_jzﬂﬁkﬂ)

=0 (36kz —1)2 z?

Fig. 13 shows the frequency characteristics of Ygq and —Ygq. It
has multiple resonant points and the resonant frequencies relate
to the resonance frequency of the dc side filter f; and the ripple
frequency harmonics. Since the ripple frequency harmonics of
the d-channel switching function are small compared with the
dc component, the magnitudes of Y5, and Y4 are much smaller
than the magnitudes of Y;4 and Yy,.
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Fig. 13 Frequency characteristics of Yz, (s) and =Yg, (s).

However, it should be noted that although d- and q- channel
have a weak coupling at perturbation frequency, they take a
strong coupling at sidebands. In Fig. 14 (a), when there is a q-
channel perturbation v, (f,), because the dc component of Sy

is much larger than its ripple frequency harmonics, sidebands
iq(fp £ 6kf;) take much larger magnitudes than that of i, (f,)
in Fig. 12. Similarly, in Fig. 14 (b), when there is a d-channel
perturbation v, (f,), the magnitudes of sidebands i, (f, + 6kf;)
are much higher than the magnitudes of the perturbation
frequency component i, (f,).
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Fig. 14. Sideband effect in d- and g-channel coupling.

C. Modeling for Input DQ Admittance of Six-Pulse Diode
Rectifier with AC inductor

In many cases, the AC side inductor in Fig. 1 represents
leakage inductance of transformer, which is normally a small
value. Since the fundamental voltage in Fig. 1 does not change
too much through a small AC inductor, d- and g- channel
switching functions can be approximated by S;s and Sy in (1).
With this assumption, the six-pulse diode rectifier in Fig. 1 can
be represented by the AC inductor in series with the six-pulse
diode rectifier without AC inductor.

Fig. 15 shows d- and g- channel equivalent circuits, in which
d- and g- channel are coupled through two parts: one is the AC
inductor and the other is crossed admittances Y;, and Yg4.

4 A~
Y, ;"

1:2vV3 /%

=

(b) g-channel equivalent circuit

Fig. 15. d- and g- channel equivalent circuits for the six-pulse diode rectifier in Fig.1.
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The input admittance matrix for Fig. 15 is defined as

[id(t)] B [Ydd Yaq] [ﬁd(t)
B () Yo Yoql [24(t)
Fig. 16 and Fig. 17 show equivalent circuits to derive Y,

and Y, respectively, which are obtained by removing coupling
items in the d- and g- channel equivalent circuits in Fig. 15.

(10)

Fig. 17. An equivalent circuit to derive Yg,.

According to the equivalent circuit in Fig. 16, the small-signal
input dq admittance Y;, equals to the AC side inductor in series
with the admittance Yy, so the expression of Y, is:

V) =[R +st + 1)) (an

In Fig. 17, since the AC inductor is assumed to be small, the
voltage drop on AC inductor is small and ¥, = #i;. Thus, the
small-signal input dq admittance Y,, approximates to the AC
side inductor in series with the admittance Yg,, which can be
expressed as:

Y, (s)= {RC +sL+[ ¥ 9] }71 (12)

Fig. 18 and Fig. 19 shows the equivalent circuits to derive
crossed admittances Y,, and ;4. In Fig. 18 and Fig. 19, d- and
g- channel are coupled through a voltage source given by the AC
side inductor and a current source given by the rectifier without
AC inductor. According to Fig. 14, d- and q- channel have
strong sideband effects. Since the d-channel is almost linear but
the g-channel contains frequency couplings, the sideband effect
makes Yy, different from Y.

Fig. 18. An equivalent circuit to derive Y.

Fig. 19. An equivalent circuits to derive ¥y 4.

In Fig. 18, the current source Yy * ¥ contains not only the
component at perturbation frequency i;(f,), but also multiple
sidebands i,4(f, & 6kf;) with higher magnitudes. Since the d-
channel is almost linear and there is no sideband coupling
loops, the high magnitude sidebands iy (f, & 6kf;) have no
effect on the component at perturbation frequency i, (f,). From
Fig. 18, the small-signal crossed admittance Y, can be derived
by linear circuit theory, which is

Y ()= &L, Y, (5)- Y, (s)+Y; (s) (13)

In addition, for the current source Yéq 7, in Fig. 18, the
impedance of its left side circuit is much smaller than the
impedance of its right side circuit at high frequency, so current
iy athigh frequency approximates to the current source Yy * 9.
Therefore, the admittance Y, at high frequency can be further
approximated as

Y, (8) =Yy, (s) (14

In Fig. 19, the current source Yyq- ¥, also generates
multiple sidebands i, (f, + 6kf;). Different from the case in
Fig. 18, the g-channel circuit has coupling loops for those
sidebands and the component at perturbation frequency. Finally,
the admittance ¥4 can be derived as:

Vi (s) ==Y, (5) Y, () (15)

Fig. 20 compares the proposed models with switching
simulations. To illustrate high frequency resonance more clearly,
the figures are presented in a linear scale rather than a log scale.
From Fig. 20, the resonant frequencies of Yyq, Yqq and Yyq are
related to the resonance frequency of Yuq and ripple frequency
harmonics (6kf;). The simulation results verify the accuracy of
the proposed model.

In Fig. 20 (b), the mismatch is caused by approximating the
d-channel switching function as a transformer and ignoring the
sideband coupling in d-channel circuit. However, if the sideband
effect in d-channel is considered to derive Y, the expression
becomes very complex. In this paper, the expression in (13) is
selected as a tradeoff between model accuracy and complexity.

When increasing the AC inductance of the six-pulse diode
rectifier, the commutation period increases and the error
between real switching functions and the expressions in (2) also
increases. Then assumptions, such as the voltage drop on AC
inductor is small and ¥, = 1i,, are no longer accurate, which
will decrease the model accuracy. The large AC inductance case
will be studied in future work.
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Fig. 20. Input dq admittance of a six-pulse diode rectifier obtained by switching simulation (green straight line) and the proposed model (red
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IV. CONCLUSION

This paper studies small-signal input dq admittance of six-
pulse diode rectifiers. The d-channel switching function is
dominated by its dc value. The g-channel switching function
take a zero dc value but it contains large ripple frequency
harmonics. From the d- and g-channel switching functions point
view, this paper indicates that existing averaged models give
good approximations for the d-channel switching function in
both low and high frequency regions but they fail to represent
the g-channel switching function when the frequency range of
interest is beyond ripple frequency. This paper also explains that
high frequency resonant points in Y4, Y4 and Yy, are mainly
cased by ripple frequency harmonics of the q-channel switching
function. In addition, this paper shows that the admittance Y,
is quite linear, and the admittances Yy, and Y, are coupled in
different ways.
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