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Abstract—Modeling the dynamics of wireless power transfer
(WPT) is required by the dynamical control of WPT systems.
However, conventional modeling methods for the dynamics of
WPT suffer from the order increase problem and complicated
derivations and expressions. This paper proposes a much simpler
modeling method by using a generalized average model of high-Q
resonators, which are common components in WPT systems. The
proposed method can be easily adopted in systems with various
topologies. A pulse density modulated WPT system is modeled as
an example. The derived system model includes not only the
resonant tanks but also the power converters, and is expressed by
a lower order model with more concise formulae as compared to
existing dynamical models.

Keywords—dynamical model; resonator; wireless power transfer
(WPT)

[. INTRODUCTION

A promising application of wireless power transfer (WPT) is
the dynamic charging of online electric vehicles (EVs) [1, 2]. In
this application, the coupling coefficient between a transmitter
and a receiver changes quickly since online EVs are in motion.
Therefore, the dynamical control problem of WPT systems must
be resolved. The first step of resolving this problem is modeling
the dynamics of WPT.

The difficulties of the modeling come from the complex
resonant tanks and power converters in a WPT system. The
conventional state-space averaging method for non-resonant
converters such as Buck converters is no longer applicable.
Generalized state-space averaging (GSSA) and extended
describing functions (EDF) are two well-known and effective
modeling methods but they increase the order of the model as
compared with the number of energy storage elements [3-8]. For
example, the WPT system in [6] has 4 resonant elements and 1
filter element, and the order of the model developed in [6] is 9.
The modeling method based on coupled modes [9, 10] does not
increase the model’s order, however, its physical meaning is not
straightforward and the derivation processes and expressions are
too complicated.

This paper inherits the physical concept in [9, 10] but
significantly simplifies the derivation processes and expressions
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Fig. 1. Resonator driven by a voltage source with an internal resistance.

by proposing a generalized average model of high-Q resonators
in a very concise formula. The resonator model is then applied
in a pulse density modulated WPT system as an example.

II. GENERALIZED AVERAGE MODEL OF HIGH-Q RESONATORS

Fig. 1 shows an LC resonator driven by a voltage source with
an internal resistance R. The instantaneous driving port voltage
is denoted by us(f). The instantaneous resonant current and
voltage are i1 (¢) and uc(), respectively. The instantaneous time
domain differential equations of the resonator are

dip () __uc(® L ()
dt L L

. (M
du.(¢) _i )
de C
The quality factor Q is expressed as
ol
=— 2
0 R 2

where w is a constant reference frequency, which is equal or
close to the resonant frequency wr, i.e.

1
D=0 =—. 3
T (L ()

When Q is high and the source frequency w;s is equal or close
to w, uy(?), iL(?), and uc(?) can be mapped to the slow-varying
dynamic phasors U(?), I.(¢), and Uc(t), respectively, by

3127



u,(f) = Re[ﬁus (r)e””}
i ()= Re[ﬁlL (t)eiw'] . 4)
ue () = Re[\/EUC (z)ej'”’]

Since Uy(?), I1(?), and Uc(?) vary slowly relative to w, there are

I
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Therefore, (4) can be approximated to

u, (t —%) = Im[\/EUS (t)ej“"J
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U (t - %) = Im[«/EUC (t)ej””]

Substituting (4) and (6) into (1) and utilizing the linearity and
time-invariance of (1), it yields

40y (o Ve, U0

dt L L @)
dUC (t) — —_]a)l]c(t)""lL_(t)

dt C

The transfer function from Us(¢) to I.(¢) can be derived from (7)
based on the linearity and expressed as

I (s) _
U(s) L(s+jo+jo)(s+jo-jm)’

s+jw

®)

Considering that the valid frequency range of (8) is much lower
than o, i.e.

|s| <@ )
equation (8) can be approximated to

1L(s) _ @

U(s) L(o+w)(s+jo-jo) (10)
Let
Ao=0 —-o
L =ML (11
1)

and transform (10) back into time domain, the generalized
average model of the high-Q resonator is obtained:

PDM Driver PDM Driver

dl dZ
Fig. 2. Pulse density modulated WPT system [11].
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Model (12) is a 1% order linear time-invariant large signal

model with complex coefficients and variables. This model can

be widely used for various topologies because high-Q resonators
are common components in WPT systems.

III. MODELING A PULSE DENSITY MODULATED WPT SYSTEM

As an example, this section models a pulse density
modulated WPT system [11], as shown in Fig. 2, where the
transmitting side resonator (L and C)) is driven by a half-bridge
inverter and the receiving side resonator (L, and ) feeds a load
Ry through a half-bridge rectifier and a filter capacitor Cr. M is
the mutual inductance between the two sides. R and R» are the
equivalent series resistances (ESRs). The instantaneous resonant
currents of the two resonators are denoted by iri(¢) and ira(?).
The instantaneous dc and ac sides voltages of the inverter are
vin(?) and u,(), respectively. The instantaneous ac and dc sides
voltages of the rectifier are ux(?) and vo(f), respectively. The
pulse densities of u1(?) and ux(¢) are di(¢) and da(?), respectively.
di(f) and dx(?) are two control degrees of freedom of the system.

The driving sources of the transmitting side resonator
include: 1) the voltage drop on Rj, 2) the electromotive force
induced by ir2(¢), and 3) ui(¢). The sum of these sources in
dynamic phasor domain is

U,(0)=—RI,,(t)-joMI, ()

2

. 13)
il d] (l)vin (t) e—J}’Sg“[ﬂTglu @)

T
where Ip1(?) is the dynamic phasor of iri(¢), ws is the angular
source frequency of the inverter’s modulator, and y = wsT4/2 is
the angle that corresponds to half of the inverter’s dead time 7j.

The driving sources of the receiving side resonator include:
1) the voltage drop on R, 2) the electromotive force induced by
iL1(?), and 3) ua(f). The sum of these sources in dynamic phasor
domain is

Usz (t) = _Rzle (t) - .] a)sMILl (t)

NG (14)

2 jlar +n—o
+—d2 (l‘)VU (t) eJ[ gl (1) ]
I
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where /15(7) is the dynamic phasor of i12(¢), and a is a constant
synchronization angle for soft switching [11].

In addition, the dynamic of Cris described by

c dvo(t) \/5 cosx v (t)

e

———d,()|I,()|- (15)

By substituting (13) and (14) into (12) and combining with
(15), the average model of the WPT system is obtained:

dr, @ _ R
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where w; is taken as the reference frequency, w; and w; are the
resonant frequencies of the two resonators, respectively,

Aw, =0, -0,
., +w 17
Lm1= = SLl ( )
a,
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L,= = =L, (18)
,

Model (16) is a 3 order nonlinear time-invariant large
signal model with complex coefficients and variables. The
model is continuous at the points where argli | # 0. A step length
of 2m/ws is sufficient to solve the model.

IV. EXPERIMENTAL VERIFICATION

The experimental prototype was built as per Fig. 2. The coils,
caps, inverter and rectifier were described in [11]. The coils were
co-axially aligned and the face-to-face distance was 0.45 m, as
shown in Fig. 3. The parameters of the experimental prototype
are listed in Table 1.

Model (16) is verified by investigating the system’s step
responses when stepping the pulse densities d; and d> between
0.5 and 1. The captured experimental waveforms are shown in
Fig. 4. For comparison, Fig. 5 shows the waveforms predicted
by model (16), as well as the experimental waveform data.

As can be seen from Fig. 5, the predictions given by (16)
coincide very well with the experimental results, indicating that
the modeling method based on the average model of high-Q
resonators is practicable.

Fig. 3. Alignment of the coils.

TABLEI PARAMETERS OF THE EXPERIMENTAL PROTOTYPE

Symbol Quantity Value
Vin Input voltage 29.5V
s Source frequency 0.909 MHz
Tai Inverter dead time 50 ns
L Transmitting side resonant inductance 76.7 uH
C Transmitting side resonant capacitance 400 pF
R Transmitting side ESR 1Q
M Mutual inductance 0.96 pH
L, Receiving side resonant inductance 76.8 uH
G, Receiving side resonant capacitance 400 pF
R, Receiving side ESR 1Q
o Synchronization angle 0.51 rad
Cy Filter capacitance 1 uF
Ry Load resistance 95Q

TELEDYNE LechoY
Eoynoeyouoor

d, steps up

d, steps down

Voltage: 10V/div  Current: 1 A/div. Time: 200us/div
(2)

d, steps up d, steps down PR

Voltage: 10V/div  Current: 1 A/div. Time: 200ps/div
(b)

Fig. 4. Experimental waveforms of the step responses. (a) d> =
to 1 and down to 0.5, (b) d;

0.5, d, steps up
= 0.5, d> steps up to 1 and down to 0.5.
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Fig. 5. Experimental data vs. model predictions. (a) d, = 0.5, d; steps up to 1 and down to 0.5, (b) d; = 0.5, d, steps up to 1 and down to 0.5.

V. CONCLUSION

This paper proposes a 1 order generalized average model
for high-Q resonators, which are common components in WPT
systems. The resonator model is applied in the dynamical
modeling of a pulse density modulated WPT system, which has
4 resonant elements and 1 filter element. A 3™ order average
model is developed for the system. The accuracy of the model is
verified by investigating the system’s step responses when the
pulse densities step up and down. The model developed in this
paper has a much lower order and more concise formulae as
compared with the models developed by other methods.
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